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Inverse Laplace Transformation – Heaviside’s Expansion Formula  

Learning Objectives 

Students will be able to recognize the following properties of the Inverse 

Laplace Transformation. 

 Understand the Heaviside’s Expansion formula in Inverse Laplace 

transforms. 

 Get an idea about degree of a polynomial. 

 Get the knowledge of application of Laplace transformations. 

 Students will be able to know the use of Inverse Laplace transform in 

system modeling, digital signal processing, etc., 



Heaviside’s Expansion Formula  

Theorem: Let F(p) and G(p) be two polynomials in p, where F(p) has 

degree less than that of G(p). If G(p) has n distinct zeros i , i = 1, 2, 3, 

… . 

𝑖. 𝑒 𝐺 𝑝 = 𝑝 − 𝛼1 𝑝 − 𝛼2 𝑝 − 𝛼3 … . 𝑝 − 𝛼𝑛  𝑡ℎ𝑒𝑛  

𝐿−1
𝐹 𝑝

𝐺 𝑝
= 

𝐹 𝛼𝑟
𝐺′ 𝛼𝑟

𝑛

𝑟=1

 𝑒𝛼𝑟𝑡. 

Proof: Since F(p) is a polynomial of degree less than that of G(p) and 

G(p) has n distinct zeros i , i = 1, 2, 3, … . 

𝐹(𝑝)

𝐺(𝑝)
=

𝐹(𝑝)

𝑝−𝛼1 𝑝−𝛼2 𝑝−𝛼3 …. 𝑝−𝛼𝑛
= 

𝐴1

𝑝−𝛼1
+
𝐴2

𝑝−𝛼2
+⋯+

𝐴𝑛

𝑝−𝛼𝑛
  



Multiplying both sides by 𝑝 − 𝛼𝑖  and taking limits as p → r , we 

have 

𝐴𝑟 = lim
𝑝→𝛼𝑟

𝐹 𝑝 𝑝−𝛼𝑟

𝐺 𝑝
= 𝐹 𝛼𝑟 lim

𝑝→𝛼𝑟

𝑝−𝛼𝑟

𝐺 𝑝
= 𝐹 𝛼𝑟 lim

𝑝→𝛼𝑟

1

𝐺′ 𝛼𝑟
   

∴
𝐹(𝑝)

𝐺(𝑝)
=
𝐹(𝛼1)

𝐺′(𝛼1)

1

𝑝−𝛼1
+
𝐹(𝛼2)

𝐺′(𝛼2)

1

𝑝−𝛼2
+⋯+

𝐹 𝛼𝑟

𝐺′(𝛼𝑟)

1

𝑝−𝛼𝑟
+⋯+

𝐹(𝛼𝑛)

𝐺′(𝛼𝑛)

1

𝑝−𝛼𝑛
  

∴ 𝐿−1
𝐹 𝑝

𝐺 𝑝
=

𝐹 𝛼1

𝐺′(𝛼1)
𝐿−1

1

𝑝−𝛼1
+
𝐹 𝛼2

𝐺′(𝛼2)
𝐿−1

1

𝑝−𝛼2
+⋯+

𝐹 𝛼𝑟

𝐺′(𝛼𝑟)
𝐿−1

1

𝑝−𝛼𝑟
+⋯+

𝐹 𝛼𝑛

𝐺′(𝛼𝑛)
𝐿−1

1

𝑝−𝛼𝑛
   ∴ 𝐿−1

𝐹 𝑝

𝐺 𝑝
=  

𝐹 𝛼𝑟

𝐺′ 𝛼𝑟

𝑛
𝑟=1  𝑒𝛼𝑟𝑡  



Ex 1: Apply Heaviside’s expansion formula to find 𝑳−𝟏
𝟔𝒑𝟐+𝟐𝟐𝒑+𝟏𝟖

𝒑𝟑+𝟔𝒑𝟐+𝟏𝟏𝒑+𝟔
 

Sol: Let F(p) =6p2 + 22p + 18 and G(p)= p3 + 6p2 + 11p + 6                            

= (P + 1)(P + 2)(p + 3)  

Then 𝐺′ 𝑝 = 3𝑝2 + 12𝑝 + 11 

Therefore G(p) has three distinct zeros 1 = -1 , 2 = -2, 3 = -3 

By Heaviside’s expansion formula, we have 

𝐿−1
𝐹 𝑝

𝐺 𝑝
= 𝐿−1

6p2+22p+18

p3+6p2+11p+6
=  

𝐹 𝛼𝑟

𝐺′ 𝛼𝑟

3
𝑟=1  𝑒𝛼𝑟𝑡  

= 
𝐹 −1

𝐺′ −1
𝑒−𝑡 +

𝐹 −2

𝐺′ −2
𝑒−2𝑡 +

𝐹 −3

𝐺′ −3
𝑒−3𝑡 



=
2

2
𝑒−𝑡 +

−2

−1
𝑒−2𝑡 +

6

2
𝑒−3𝑡  

= 𝑒−𝑡 + 2𝑒−2𝑡 + 3𝑒−3𝑡   

∴ 𝐿−1
6p2+22p+18

p3+6p2+11p+6
= 𝑒−𝑡 + 2𝑒−2𝑡 + 3𝑒−3𝑡   

Ex 3: Apply Heaviside’s expansion formula to find 

𝑳−𝟏
𝟐𝒑𝟐−𝟔𝒑+𝟏𝟏

𝒑𝟑−𝟔𝒑𝟐+𝟏𝟏𝒑−𝟔
 

Sol: Let F(p) =2p2 -6p + 11 and G(p) = p3 - 6p2 + 11p - 6                                            

                                                           = (P - 1)(P - 2)(p - 3)  

Then 𝐺′ 𝑝 = 3𝑝2 − 12𝑝 + 11 

Therefore G(p) has three distinct zeros 1 = 1 , 2 = 2, 3 = 3 



By Heaviside’s expansion formula, we have 

𝐿−1
𝐹 𝑝

𝐺 𝑝
= 𝐿−1

6p2−6p+11

p3−6p2+11p−6
=  

𝐹 𝛼𝑟

𝐺′ 𝛼𝑟

3
𝑟=1  𝑒𝛼𝑟𝑡  

               = 
𝐹 1

𝐺′ 1
𝑒𝑡 +

𝐹 2

𝐺′ 2
𝑒2𝑡 +

𝐹 3

𝐺′ 3
𝑒3𝑡  

               =
7

2
𝑒𝑡 +

7

−1
𝑒2𝑡 +

11

2
𝑒3𝑡  

∴ 𝐿−1
2p2−6p+11

p3−6p2+11p−6
=
7

2
𝑒𝑡 − 7𝑒2𝑡 +

11

2
𝑒3𝑡    

Ex 4: Apply Heaviside’s expansion formula to find 𝑳−𝟏
𝟑𝒑+𝟏

(𝒑−𝟏)(𝐩𝟐+𝟏)
 

Sol: Let f(p) = 3p + 1 and G(p) = (p - 1) (p2 + 1) 

and 𝐺′ 𝑝 = 3𝑝2 − 2𝑝 + 1 

Therefore G(p) has three distinct zeros 1 = 1 , 2 = i, 3 = -i 



By Heaviside’s expansion formula, we have 

𝐿−1
𝐹 𝑝

𝐺 𝑝
= 𝐿−1

3p+1

(P+1)(p2+1)
=  

𝐹 𝛼𝑟

𝐺′ 𝛼𝑟

3
𝑟=1  𝑒𝛼𝑟𝑡  

= 
𝐹 1

𝐺′ 1
𝑒𝑡 +

𝐹 𝑖

𝐺′ 𝑖
𝑒𝑖𝑡 +

𝐹 −𝑖

𝐺′ −𝑖
𝑒−𝑖𝑡  

=
4

2
𝑒𝑡 +

(3𝑖+1)

−2−2𝑖
𝑒𝑖𝑡 +

−3𝑖+1

−2+2𝑖
𝑒−𝑖𝑡  

= 2𝑒𝑡 +
(3𝑖+1)(1−𝑖)

−2(1+𝑖)(1−𝑖)
𝑒𝑖𝑡 +

(1+𝑖)(−3𝑖+1)

2(1−𝑖)(1+𝑖)
𝑒−𝑖𝑡   

= 2𝑒𝑡 +
(2𝑖+4)

4
𝑒𝑖𝑡 +

(2𝑖−4)

4
𝑒−𝑖𝑡  

= 2𝑒𝑡 −
𝑖

2
(𝑒𝑖𝑡−𝑒−𝑖𝑡) − (𝑒𝑖𝑡 + 𝑒−𝑖𝑡)  

= 2𝑒𝑡 −
𝑖

2
(2𝑖 sin 𝑡) − (2 cos 𝑡)  

= 2𝑒𝑡 − sin 𝑡 − 2 cos 𝑡  

∴ 𝐿−1
3p+1

(P+1)(p2+1)
= 2𝑒𝑡 − sin 𝑡 − 2 cos 𝑡  



Practice Questions: 

Using Heaviside’s expansion formula, find 

1. L−1
p2−6

p3+4p2+3p
      2. L−1

2p2+5p−4

p3+p2−2p
      3. L−1

𝑝−1

(p+3)(p2+2p+2)
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